Dynamical calculations are performed for all isomultiplets of the flavour antidecuplet to which the newly discovered pentaquark Θ + belongs. The framework is a constituent quark model where the short-range interaction has a flavour-spin structure. In this model the lightest pentaquarks are parity even states. They are described by variational solutions where the Pauli principle is properly taken into account. By fitting the mass of Θ + of minimal content uudds the mass of Ξ −− of minimal content ddssu is predicted at approximately 1960 MeV.
Introduction
The existence of exotic baryons containing four quarks and an antiquark in their lowest Fock component has now a solid experimental support. The observation of a narrow peak at 1.54 ± 0.01 GeV/c 2 , called Θ + , as an S = 1 baryon resonance in the photoproduction from neutron γn ← K + K − n [ 1] , has been confirmed by several groups in various photonuclear reactions [ 2] . This has been followed by the observation in pp collisions [ 3] of other narrow resonances Ξ −− and Ξ + at about 1862 MeV, from which Ξ −− is interpreted as another pure exotic member of an SU(3) flavour antidecuplet. In these discoveries a particular role was played by the work of Diakonov, Petrov and Polyakov [ 4] who predicted a narrow pentaquark located at the about experimentally observed mass of Θ + , in the context of a chiral soliton model. At the end of '70, following the observation of several signals, light pentaquarks have been studied theoretically [ 5, 6] but these signals were not confirmed. Heavy pentaquarks were also predicted [ 7, 8] but experimental searches have remained inconclusive [ 9] . These pentaquarks were introduced in the context of the one-gluon exchange model (colour-spin interaction) and the heavy ones carried negative parity. On the other hand positive parity pentaquarks containing heavy flavours were proposed in the context of a pseudoscalar exchange model (flavour-spin interaction) [ 10] about ten years later [ 11] . They received no experimental attention so far.
The spin and parity of Θ + and Ξ −− are not yet known experimentally. In this new wave of pentaquark research, most theoretical papers take the spin equal to 1/2. The parity is more controversial. In chiral soliton or Skyrme models the parity is positive [ 4] . In constituent quark models it is usually positive. In the latter, the parity of the pentaquark is given by P = (−) ℓ + 1 , where ℓ is the angular momentum associated with one of the relative coordinates of the q 4 subsystem. Here, we analyze the case where the subsystem of four light quarks is in a state of orbital symmetry [31] O and carry an angular momentum ℓ = 1. Although the kinetic energy of such a state is higher than that of the totally symmetric [4] O state, the [31] O symmetry is the most favourable both for the flavour-spin interaction [ 11] and the colour-spin interaction [ 12] . In the first case the statement is confirmed by the comparison between the realistic calculations for positive parity [ 11] and of negative parity [ 13] , based on the same quark model [ 14] . In Ref. [ 11] the antiquark was heavy, c or b, and accordingly the interaction between a light quark and the heavy antiquark was neglected, consistent with the heavy quark limit. In Ref. [ 15] an attractive spin-spin interaction between s and the light quarks was incorporated and shown that a stable or narrow positive parity uudds pentaquark can be accommodated within such a model. This interaction has a form that corresponds to η meson exchange [ 16] and its role is to lower the expectation value of the Hamiltonian containing quark-quark interactions only.
The purpose of this letter is to perform dynamical calculations for all the members of the antidecuplet to which Θ + and Ξ −− are supposed to belong. To our knowledge this is the first attempt in this direction. The present study is a natural extension of Ref. [ 11] where the heavy antiquark c or b is now replaced by a light quark u, d or s. To describe the short range interaction we rely on the same model [ 14] as that used in [ 11] . That means that the quark-quark interaction has a flavour-spin structure [ 10] . Moreover we assume that the quark-antiquark interaction is spin dependent, as in Ref. [ 15] . Its role is to introduce the same flavour independent shift for each member of the pentaquark antidecuplet. We shall fix this shift by adjusting the mass of Θ + to the experimental mass. There is no other free parameter. We predict the mass of Ξ −− to be about 1960 MeV.
We search for variational solutions of a five-body Hamiltonian, containing a kinetic energy term, a confinement term and a short range (hyperfine) interaction having a flavourspin structure. The SU F (3) breaking is taken into account by the strange quark mass which appears in a pure mass term, in the kinetic part and in the hyperfine part. The latter breaks SU F (3) also through the masses of the pseudoscalar meson exchanged among quarks.
The Hamiltonian
The Hamiltonian has the form [ 14] 
with the linear confining interaction
and the flavour-spin interaction
The analytic form of
with the parameters:
= 0.67,
which lead to a good description of low-energy non strange and strange baryon spectra.
The wave function
In order to construct wave functions for the pentaquark let us start with the q 4 subsystem. Here the Pauli principle allows for the following lowest totally antisymmetric state, with [31] O symmetry, written in the flavour-spin (FS) coupling scheme [ 11] 
This means that the wave function is totally symmetric in the flavour-spin space and totally antisymmetric in the orbital-colour (CO) space and that the q 4 subsystem carries nonzero angular momentum and has zero spin. Then the q 4 q state is obtained by coupling the antiquark to the state (6) which leads to 10 F in the flavour space and total spin 1/2. To derive its orbital part we denote the quarks by 1, 2, 3 and 4 and the antiquark by 5 and introduce the internal Jacobi coordinates
The key issue is to construct a wave function with correct permutation symmetry in terms of the above Jacobi coordinates. Assuming an s 3 p structure for [31] O , the three independent [31] O states denoted by ψ i are [ 11] 
where |n ℓ m are shell model wave functions and we took the quantum number m = 0 everywhere, for convenience. Thus each function carries an angular momentum ℓ = 1 in one of the relative coordinate, which leads to a total parity P = + 1 and a total angular momentum J = 1/2 or 3/2. The degeneracy of these two states can be lifted by the introduction of a spin-orbit coupling. The pentaquark orbital wave functions are obtained by multiplying each ψ i by t |000 which describes the motion of the q 4 subsystem relative to q. The wave function associated to each relative coordinate is chosen to be a Gaussian. We have two variational parameters, one which is the same for all the internal coordinates of the q 4 subsystem and one for the coordinate t. The q 4 state (6) generates a q 4 q state which can naturally explain the observed narrowness of the pentaquark Θ [ 17] .
Matrix elements
The integration in the flavour-spin space of the operator (3) leads to expectation values of V χ presented in Table 1 for the three q 4 subsystems necessary to construct the antidecuplet. They are expressed in terms of two-body radial form (4) now denoted as V [ 18] . In this model the parameters are actually two-body matrix elements of the radial part of the hyperfine interaction, as in Ref. [ 10] , while here we use a parametrized radial form, which allows to introduce radial excitations at the quark level. Then from Table 1 one can reproduce  Table 3 of [ 18] containing the coefficients x 1 , x 2 and x 3 i. e. the multiplicities of the two body matrix elements associated to π, K and η exchange respectively, which appear in the expression of the mass. The first and last row of x i , corresponding to Θ and Ξ −− are straightforward, inasmuch as their content is uudds and ddssu respectively. To get the x i associated with N 5 and Σ 5 , which we call here N 10 and Σ 10 respectively, one must construct the linear combinations
by using the flavour wave functions given in the Appendix and the relation V χ (uuss) = V χ (ddss). Thus in Ref. [ 18] one assumes that all radial two-body matrix elements are equal irrespective of the angular momentum of the state, which can be either ℓ =0 or ℓ=1. Table 1 The hyperfine interaction V χ , Eq. (3), integrated in the flavour-spin space, for four quark subsystems. The upper index indicates the flavour of every interactingpair. Table 2 Expectation values (MeV) and total energy E = 
Results and conclusions
In Table 2 we present variational solution E of the model Hamiltonian (1) for various q 4 q systems related to the antidecuplet. One can see that, except for the confinement contribution V c , all the other terms break SU(3) F , as expected: the mass term 5 n=1 m i increases, the kinetic energy T decreases and the short range attraction V χ decrease with the quark masses. For the reasons we explained above, we subtract 510 from the total energy E in order to reproduce the experimental Θ + mass. Under the assumption of ideal mixing of 10 F with 8 F , the system uuddd of mass 1452 MeV should correspond to N([ [ud] 2 ]d) of Ref. [ 19] , identified with the Roper resonance N(1440). Table 3 reproduces the calculated antidecuplet mass spectrum obtained from M of Table 2 . The masses of Θ + and Ξ −− can be read off Table 2 directly. The other masses are obtained from linear combinations of the form (11) but with M instead of V χ . In comparison with Carlson et al. [ 18] , where the mass of Θ + is also adjusted to the experimental value, we obtain somewhat higher masses for N 10 , Σ 10 and Ξ −− , the latter being about 100 MeV above the experimentally found mass of 1862 MeV [ 3] . This is in contrast to the strongly correlated diquark model of Jaffe and Wilczek [ 19] , where Ξ −− lies about 100 Mev below the experimental value. Note that the mass of Θ + is also fixed in that model. In the lowest order of SU(3) F breaking, one can choose a linear mass formula, M = M 10 + zY , to calculate the isomultiplet masses of the pure antidecuplet states. In this way Diakonov and Petrov [ 20] fitted M 10 and z to the experimental values of Θ + and Ξ −− . The resulting isomultiplet masses are reproduced in the last column of Table 3 for comparison. According to these authors the ideal mixing of Jaffe and Wilczek is a particular case of a more general mixing between the SU(3) multiplets 10 F and 8 F . Relative strengths of decays and selection rules are expected to discriminate between mixing schemes as well as models [ 21] .
In conclusion we use a variational method, which provides upper bounds for the masses of all isomultiplets of the pentaquark antidecuplet. The model we use assumes a flavourspin structure for the hyperfine interaction [ 10] . This interaction has a chosen radial shape with parameters fitted not only to the ground state baryons but also to a large number of excited states [ 14] . On the other hand in the flavour-spin interaction used in Ref. [ 18] the parameters are fitted to the ground state of the baryon octet and decuplet only and the excitation to the p-shell, required for parity reasons, is not taken into account. However in both fits the baryons are described as pure q 3 states. In the new light shed by the pentaquark studies, the wave functions of some excited states might contain q 4 q components, which can be explained by the mixing of the excited octet members with the corresponding antidecuplet members. In that case all quark model parametrizations should be revised and more precise four-and five-body calculations should be performed. The possibility of q 4 q admixtures in the baryon excited wave functions was considered in the literature before, as for example in Ref. [ 22] . These components may better explain the widths and shifts in the baryon resonances.
